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This is the first in a series of papers extending the theory supporting Fourier 
analysis. In this paper an alternative to the standard space of rapidly decreasing test 
functions is described. The functions in the space described are analytic and 
decrease xponentially with respect to the real variable. It is shown that this space 
is invariant under the Fourier transform, and is closed under both differentiation 
and under multiplication by exponentially bounded analytic functions. 0 1992 
Academic Press, Inc. 
I. INTRODUCTION 
This begins a short series of papers describing a “new” theory to support 
the Fourier transform of functions on R”. This theory is similar to the 
theory for tempered istributions and can, to some extent, be viewed as an 
extension of that theory. The theory presented here, however, actually 
generalizes the Fourier-Laplace transform. Also, there will be no need to 
restrict attention to functions of polynomial growth. Any locally integrable 
function of exponential growth on IF!” will be Fourier transformable. 
No results from any other theory of Fourier analysis will be used to 
prove the results reported here. Later, it will be shown that the theories of 
Fourier analysis for tempered distributions and for P(W) functions can 
be obtained as special cases of the theory being presented. 
In this particular paper the main goals are the introduction of the basic 
space of test functions, the definition of the Fourier transform on this space 
of test functions, and the proof that this transform is a one-to-one 
continuous mapping from the space of test functions onto itself. Other 
fundamental results are discussed as appropriate. The space of test 
functions is described in Section III, and the main theorem is stated in 
Section IV. 
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II. BASIC NOTATION AND CONVENTIONS 
Throughout this paper n will denote some arbitrarily fixed positive 
integer, and A will denote the Lebesque measure on 02”. Unless otherwise 
. indicated, all functions are to be assumed to have domain 67 and range 
in Cl. The notations z, (z,, z2, . . . . z,), and x + iy will be considered 
interchangeable and all denote the n-dimensional complex variable with 
real part x = (x,, x2, . . . . x,) and imaginary part y = (y,, y,, . . . . y,). 
The following notation will be used extensively: 
The Translation and Scaling Operators. Let f: C” + @. For each 5 E Cc”, 
0, f will denote the translation off by 5, given by 
@,fl.=f(z-5). 
For each a E C, .Z,f will denote the function, f, with the variable scaled by 
tl, that is, 
Z,fI, =f(az). 
The “Rho” Seminorm. The symbol p will be reserved for the seminorm 
on @” given by 
P(Z)= i lReCzkll. 
k=l 
The Exponential Function. Let w E C”. Where convenient, e, will denote 
the function given by 
e,(z) = en-‘. 
The Normal Gaussian. Let u > 0. Where convenient, qol will denote the 
function given by 
tj,(z)=(f=)n exp[-F]. 
Strips in C”. For each ~12 0, BN will denote the subset of C” given by 
93% = {z = (Z,) z2, . ..) z,)E@“: IIm[zk]I da, k= 1, 2, . . . . n}. 
Note that @ ,, = R” and that, if a </I, then S3a c gB. 
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III. THE BASIC FUNCTION SPACES 
Two spaces of functions will be of special importance. They will be 
denoted by 9 and 9 (or, if appropriate, S(C) and S’(V)) and are 
defined below: 
DEFINITION 3.1 (9). A function, 4: C” -+ @, is an element of 9 if and 
only if both of the following hold: 
(1) C$ is an analytic function of each complex variable. 
(2) For every ol>O, 
sup{eapCZ) 1$(z)\: zEP&} < 0. 
DEFINITION 3.2 (9). A function, f: Cc” -+ C, is an element of W if and 
only if both of the following hold: 
(1) f is an analytic function of each complex variable. 
(2) For every a > 0 there is a corresponding y >, 0 such that 
sup{e-YP’“) If(Z)] :ZEL?8a} < Co. 
9, with a suitable topology, will serve as the space of test functions. The 
following facts will be of importance and should all be obvious from the 
above definitions: 
(1) Y and 9” are. both linear spaces closed under multiplication. 
(2) YCY’. 
(3) $9 contains all functions of the form 4 = O,q,, where a >O and 
&EC”. 
(4) If 4 E Y and 5, 5 E C”, then ejC Osq5 is also in Q and its restriction 
to LIP is in LZi(W). 
(5) 9’ contains all polynomial functions on C”. 
(6) Any exponential function, eg, with 5 E C”, is an element of 9’. 
The topology on 9 is defined by the set of norms { 1) .\I cI : a > 0} where 
Any function, 4, which is analytic in each variable, is clearly in 9 if and 
only if jjqSl\ (I is finite for every 0: > 0. It is also obvious that, if a < /I, then 
11#11 a < 11411 p. A slightly more general relation is expressed in the following 
lemma. 
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LEMMA 3.1. Let cr>O, ~20, and 46%. Then, for any zeS$ and AEC 
with 121 d c(, 
Proof Let z and il be arbitrarily fixed elements of 9FIE and C, respec- 
tively, with 121 d c(. Then 
Ml or+K=sup{e’o+“‘P’“‘(~(w)I :wECJX+.} 
> sup{ leAPCW)I eKPCW) 14(w)/ :w E 9&} 
> e”P(Z) Je”P(z)qi(z)(. 1 
Translation, scaling, and multiplication by elements in 9’ will be 
fundamental operations in this development. The next theorem summarizes 
some of the important basic properties of these operations. 
THEOREM 3.2. (i) For each f E 9Yc, the mapping 4 H f4 is a continuous, 
linear, one-to-one mapping from 9 into 9. 
(ii) For each non-zero real value of /?, C, is a continuous, linear, 
one-to-one mapping from ~!9 onto 98 with inverse CD-l. Moreover, for each 
~~~aandf~~~, 
(iii) For each w E C”, 0, is a continuous, linear, one-to-one mapping 
from 9 onto 59 with inverse 0 --w. Moreover, for each 4 E 59 and f E 9, 
Proof of Part (i). Let f be a fixed element of 9’ and 4 any element of 
Y. The analyticity of f# is obvious, and it suffices to produce a suitable 
bound for Ilf4ll,, where a > 0 is arbitrary. Since f is in 9, there is a K 2 0 
and an 0 < M < co such that, for any z E 9$, 
ecKP(‘) (f(z)1 < hf. 
But then, by Lemma 3.1 (with A= CY), 
empcz) l&)l If( G llc4l.+. e-+) If( 
6M ll1ll,+, 
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whenever z E gE. Thus, for any C$ E%, 
From this it immediately follows both that fd is an element of V and that 
the mapping 4 ~fi is continuous on Y. i 
The proofs of the second and third parts of Theorem 5.1 are trivial and 
will be left to the reader. 
IV. THE FOURIER TRANSFORM ON Y 
DEFINITION 4.1 (The Fourier Transform, 9). For each 4 in 9, 9[4] 
is the function on C” given by 
4’ - iz d’. (4.1) 
This transform is obviously well-defined on Y since, for any choice of 5 
in C”, the restriction to 08” of the product of eg with any function in ‘3 is 
in 6p1(Rn). 
THEOREM 4.1. 9 is a continuous, linear, one-to-one mapping from Y 
onto Y. Moreover, 
(i) For every c1> 0, K > 0, and 4 E 9, 
(4.2) 
(ii) 99-L,. 
(iii) B-‘=C-,P=9Bc-,. 
The proof of Theorem 4.1 is a major goal of this report. It will be dis- 
cussed in Section VI, following a brief preliminary development of Fourier 
analysis on $9 in Section V. In addition, some immediate corollaries of 
Theorem 4.1 will be noted in Section VII. 
V. ELEMENTARY FOURIER ANALYSISON 9 
The lemmas in this section are all analogous to well known lemmas in 
the classical theory of Fourier analysis for smooth integrable functions on 
R”, and are proven in much the same manner. The main difference between 
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these and the classical lemmas and proofs is that, by straightforward 
applications of Cauchy’s integral theorem for functions analytic on the 
complex plane, the results involving translation on R” can be extended to 
results involving translation on CR. Details will be left to the reader, 
LEMMA 5.1 (Scaling and the Fourier Transform on 9). Let /I be any 
non-zero real number and let q5 be any element of 9. Then 
In particular, Lemma 5.1 implies that 9 and C ~ 1 commute on 9. 
LEMMA 5.2 (Translation and the Fourier Transform on 9). Let q5 E Y. 
Then for any 5 and < in C” 
In particular, Lemma 5.2 implies that 
which will be used in the future without further comment. 
One well known result from the 9’(W) theory of Fourier analysis is 
that P[ f ] is analytic in each variable whenever the support of f is com- 
pact. It is easily verified that this analyticity also follows if eg f is in 9’(rW”) 
for all 5 E C”. It is from these arguments that the analyticity claimed in the 
next lemma follows. 
LEMMA 5.3 (Differentiation and the Fourier Transform on 9). If4 E 9, 
then $ = 9[#] is an analytic function of each variable and, for k = 1, 2, . . . . n, 
& tWx+iY)=WZ-i44Xt)l Ix+iy 
& W+iY)=~CMf)l Ix+iy 
and 
LEMMA 5.4 (Transforms of Normal Gaussians). Let c( > 0. 
(i) 9[q,] = d-“q-1. 
(ii) For any ZE C”, X-, RP[S,q,] = 8,~~. 
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LEMMA 5.5. If 4, I/J E Y, then the restrictions to R” of the products 
I)~[c$] and qW[@] are in 9’(W) and 
LEMMA 5.6. Let h be any element of 9 satisfying 
i 
hdA=l 
!a” 
and, for any CI > 0, let h, = anCz h. Then, for any f E 9’ and z E C”, 
In particular, Lemma 5.6 implies that, for any II/ E 9 and z E C, 
(5.1) 
Using this (with tj = Z_,$) and the formulas from Lemmas 5.4 and 5.5 
and part (ii) of Theorem 3.2, its is easy to derive 
(5.2) 
for any c+A E 9 and z E C”. These formulas will be used in the next section, 
VI. PROOF OF THEOREM 4.1 
Let $E9? and $=S[$j. S ince the analyticity of 9 was already noted in 
Lemma 5.3, all that remains to showing that II/ is in Y is to show that (I11/\1 c( 
is suitably bounded for any given a > 0. Let a > 0 be fixed, let z = x + iy be 
any fixed element of gz, and let s be the element of R” whose components 
are given by the signs of the corresponding components of x, that is, for 
each k = 1, 2, . . . . n, 
-1, if x,<O Sk = 
+I, if xk>o. 
Observed that 
ew(z) = eas.x _ - le ‘s’(x+iy)l = J@-iyeas(x)I. 
By this, the definition of $, and Lemma 5.2 (with 6 = ias and 5 = -iy), 
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Now, if t E BY’, then 
and, since x + iy E L&, 
y. t Gap(t) = ctp(t - irks). 
It follows from this, Lemma 3.1, and the definition of 
tE[W” and any rc>O, 
le’.‘qi(t - ias)( < eap(‘-iaS) I&t - icrs)( 
< IIq511,+,e-KP”--ias) 
(6.1) 
p, that, given any 
k=l 
Inserting this last formula into inequality (6.1) and integrating yields 
Thus, 
for any IC > 0. This verities inequality (4.2) and shows both that $ = .F[#] 
is an element of 9, and that the mapping 9: 9 + Y is continuous. 
Now, since 9[@] is in 9, Eq. (5.2), Lemma 5.5, and Eq. (5.1) may be 
used, respectively, to obtain 
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for any z E C”. This verities that 9F = Z-, on Y. Further, it is now 
obvious that C,, the identity operator on Y, can be written as 
c, =c-‘CA’ =s-Bz‘, =c-‘F-9. 
Thus, by elementary linear algebra, 9 must a one-to-one mapping from 4 
onto 99 with inverse 
VIII. COROLLARIES 
The first corollary follows immediately from Theorem 4.1 and 
Lemma 5.3. 
COROLLARY 7.1. Any linear differential operator with coefficients in 9’ 
defines a continuous mapping from Q into 9. 
Consider, for a moment, the space of rapidly decreasing functions on R”, 
9’. The topology on Y is given by the set of norms (ljk : j, k E N } where 
~~~(4) = sup(( 1 + t')' lD”qS(t)l : t E R”, a E IW”, p(a) 6 k). 
A simple comparison of these norms with the norms defining the topology 
on $9, along with Corollary 7.1, quickly proves the next corollary. 
COROLLARY 7.2. Let p denote the canonical projection from @” onto IF!“. 
The mapping 4 H q5 0 p is a one-to-one, continuous mapping from 59 into 9. 
Applying the inequality (4.2) twice to the relation 9 - ‘9[#] = 4 yields 
the final corollary. It is a refinement of the observation that 11&1, < Ij&ls 
whenever o! < fl. 
COROLLARY 7.3. Let 4 E %. Then for all a 2 0 and all positive values of 
u and 1, 
